Comment on "Trouble with the Lorentz law of force: Incompatibility with special 

relativity and momentum conservation" 

Daniel A. T. VanzellfH 

Instituto de Fisica de Sao Carlos, Universidade de Sao Paulo, 
Caixa Postal 369, CEP 15980-900, Sao Carlos, Brazil 
(Dated: March 3, 2013) 

It has been recently argued that the Lorentz force is incompatible with Special Relativity and 
should be amended in the presence of magnetization and polarization in order to avoid a paradox 
involving a magnet in the presence of an electric field. Here we stress the well-known fact among 
relativists that such an incompatibility is simply impossible and show that the appearance of such 
a "paradox" is a mere consequence of not fully considering the relativistic consequences of the 
covariant form of the Lorentz force. It should be mentioned, though, that this criticism does not 
invalidate the debate on which is the law of force followed by Nature, which is an experimental issue. 



PACS numbers: 03.30.+p 

Let us reproduce the situation analyzed in Ref. [1]. 
Consider a magnet at rest near an electric charge, also at 
rest. For simplicity, consider also that the magnetic mo- 
ment of the magnet is orthogonal to the separation from 
the magnet to the charge. No net force is exchanged 
between the two: static electric charges only produce 
electric fields (to which the magnet seems to be oblivi- 
ous) and static magnets only produce magnetic fields (to 
which the static electric charge seems to be oblivious). 
The charge-magnet system stands still indefinitely. 

Now, consider the same system as seen by an inertial 
observer moving parallel to the separation between the 
charge and the magnet. The now moving magnet be- 
comes polarized with an electric dipole moment orthogo- 
nal to its magnetic moment and to its velocity |7j . There- 
fore, the electric field produced by the (moving) charge 
will exert a torque which, Ref. [T] argues, would try to 
rotate the magnet, trying to align its electric dipole mo- 
ment to the electric field. This clearly contradicts the fact 
that in the rest frame of the system the magnet stands 
still. 

The way out of this paradoxical situation, according to 
Ref. [T] , is to amend the Lorentz force in the presence of 
magnetization and polarization. Although the alterna- 
tive formula proposed, known as the Einstein-Laub law, 
may have its value, the alleged motivation for this re- 
placement does not stand. As is well known, the Lorentz 
force can be put in a covariant form. Anyone familiar 
with the geometrical formulation of Special Relativity 
and the principle of special covariance knows that a co- 
variant law cannot lead to incompatible descriptions of 
the same phenomenon in different inertial frames. This 
is so because once a physical law is formulated in a 
specially covariant way, one can analyze the whole phe- 
nomenon in which it plays a role as taking place on the 
four-dimensional Minkowski spacetime; no need to adopt 
any inertial frame. Different observers, who perceive the 
spacetime split differently into space and time, give dif- 
ferent descriptions of this one phenomenon based on the 



projections of physical quantities onto their different time 
and space directions. But obviously all these descrip- 
tions are connected by the same four-dimensional view 
and, therefore, cannot be inconsistent with each other. 
Either the proposed covariant law accounts satisfactorily 
for the phenomenon in all inertial frames or in none. Any 
indication on the contrary points rather to a misuse of 
relativistic arguments. 

With this in mind, let us revisit the charge-magnet 
system but now considering the full four-dimensional 
picture enforced by Special Relativity. For simplicity, 
substitute the charge and its field by a uniform elec- 
tric field E and consider the magnet as being a uni- 
formly magnetized sphere. According to Maxwell's equa- 
tions, the uniform magnetization M is caused by a net 
(bound) current density J concentrated on the surface 
of the sphere, circulating around the axis of magneti- 
zation. Let be the associated four-current density. 
The fact that the magnet is everywhere neutral in its 
rest frame is encoded in being purely spatial accord- 
ing to a family O of observers at rest with the magnet: 
i^u^ = 0, where u'^ is the four- velocity of these observers. 
The uniform electric field, by its turn, is encoded in the 
electromagnetic tensor F^'^ = E{u^e^ — w''e^)/c, where 
E := ||£'j| and e^' gives the direction of E (e^u^ = 0, 
e^(ex)^ = 1). Thus, the Lorentz four-force density, 
whose covariant form is given by — F^^'^j^/c, eval- 
uates to f E{e'^j^)uf' /c'^ = (J • E)u^'/c^. This means 
that in the rest frame of the magnet the Lorentz force has 
no spatial component {f^ oc u^; see FIG.[T]): the Lorentz 
three-force is zero everywhere, as we knew it should be. 
However, jumping to the conclusion that the magnet is 
really oblivious to the electric field in its rest frame is 
simply a mistake and stands at the root of the "charge- 
magnet paradox". 

In order to account for the effect of the purely time- 
directed Lorentz force on the magnet, Special Relativ- 
ity teaches us to look at d^T*^^ = , where T^^ is the 
energy- momentum tensor of the magnet, which includes 




FIG. 1: Equivalent four-dimensional representations of a 
cross-section of a uniformly magnetized sphere subject to a 
uniform electric field: (a) Privileging the rest-frame of the 
sphere, where t is its proper-time coordinate and E its spa- 
tial three-surface; (b) Privileging a "moving frame," where t 
is its proper-time coordinate and E its spatial three-surface. 
The Lorentz four-force density ~ {J ■ E)u^ /c^ acts on the 
surface of the sphere and is future-directed where the electric 
field favors the surface current density (depicted in the figure) 
and past-directed otherwise (on the opposite side). It is easily 
seen that it has null projection on E while having circulation 
(i.e., exerting torque) when projected on E. 



matter and fields except for those responsible for (in 
this case, only the uniform electric field - and its source 
- is not included in T^y). Although the exact form of T^^ 
depends on details of the inner structure of the magnet 
(stresses, energy flows, fields it generates), the net effect 
of /'^ can be obtained by first projecting the above equa- 
tion in the direction, d^ir'^ = —f^u^/c^ = {J ■ E)/c^ 
(tt^ = —T^^Uyl(? is by construction the four-momentum 
density of the magnet in its rest frame) , then using that 
the energy-momentum distribution is stationary in the 
rest frame of the magnet {d^TT^ = divTr), and finally in- 
tegrating the spatial part 7? of tt^. After some calcula- 
tion one obtains that the total momentum of the mag- 
net in its rest frame is given by P = m x Ejt? , vi^here 
fh ~ AttR^M/S is the magnet's magnetic moment [S]. 
Therefore, one can easily anticipate that if the magnet 
moves along the electric field direction, its total angular 
momentum will be time-dependent, which will demand a 
net torque. 

In fact, let O be another family of inertial observers, 
moving with respect to O with velocity —V opposite 
to the electric field. Their four-velocity is given by 
= -f{u^ - Vei^), with 7 := l/yjl - V^/c^. Accord- 
ing to O the magnet is polarized with a charge-density 
distribution ~ —j^'u^/c"^ — jV j f^e!^ / c"^ — jV ■ J/c"^, 
leading to a dipole moment d = —fh x V jt? . Therefore, 
the external electric field E (which is the same for O) 
exerts a torque on the magnet given by f = d x iJ. It 
can be easily seen in FIG. [ijb) how the same four-force 
which produces no torque according to O (actually, does 
not even lead to a nonvanishing three-force) can exert a 
torque according to O. One can check that f = ^ x P, 
which proves that the torque exerted by the electric field 



is not used to rotate the magnet but rather is necessary 
to move its asymmetric momentum distribution induced 
by the very same electric field. No paradox here [9]. 

In summary, the four-dimensional picture represented 
in FIG.[T]makes it very clear that the Lorentz-force profile 
which the moving observers O attribute as exerting a 
torque f on the magnet is the same which the observers 
O in the rest frame of the magnet attribute as inducing 
the momentum P. One cannot dismiss the latter while 
considering the former, as Ref. [T] does. 

A few concluding remarks are in order. The momen- 
tum P which exists in the rest frame of a system of parti- 
cles and fields has been termed "hidden" in the literature 
because it does not reflect the (absence of) motion of the 
center of mass/energy of the system. Its microscopic ori- 
gin is highly dependent on the details of the particular 
system and is not always easy to locate and describe: it 
can be purely mechanical, due to matter flowing asym- 
metrically in different directions (but keeping its center of 
mass/energy static), but it can also be due to stresses in 
the material. Notwithstanding, we have seen that ignor- 
ing the details of T^^^ and the material did not prevent us 
to calculate the value of the hidden momentum induced 
by an external field. The author of Ref. IJ is mistaken 
when he claims that hidden momenta in magnetized ma- 
terials have to be "manually" included in order to avoid 
paradoxes when using the Lorentz force |10| . On the con- 
trary: this hidden momentum is consistently enforced by 
the Lorentz force. All we have to do is fully explore its 
relativistic consequences. 
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ence of a uniform electric field should be null. His calcu- 
lation assumes that the electromagnetic momentum den- 
sity in a material medium is given \yy E x H /(? instead 
of eoE X B. However, according to what we have shown 



here, E x H/c^ = E x {B/fj,o - M)l(? combines both 
electromagnetic and hidden momenta. This separation 
has actually been suggested before [2]. 
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